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, Euclid
. , $RH^{m}$ $m$ Euclid $R^{m}$
$B^{m}=\{x\in R^{m}||x|<1\}$ Poincare’ Riemann ,
$CH^{m}$ $m$ Euclid $C^{m}$ $B^{2m}=\{z\in C^{m}||z|<1\}$
Bergman K\"ahler ,
$m-1$ $2m-1$ $S^{m-1}$ $S^{2m-1}$ , $RH^{m}$ $CH^{m}$
, .
Carnot $M=(G, g)$ ,
Riemann , Carnot Lie $N$ 1
$G=N\mathrm{x}R$ Riemann $g$ . , Carnot
$l\mathrm{I}_{i}f$ Carnot $N$ 1 , $M$
.
, Carnot (proper) ( )
Carnot .
1
$M=(M, g)$ $M’=(M’, g’)$ $m$ $m’$ Riemann , $u:Marrow M’$
$M$ $M’$ $C^{2}$ . $u$ du : $TMarrow TM’$ , $X,$ $\mathrm{Y}\in\Gamma(TM)$
$M$ , $\nabla^{T\Lambda I}$ $u^{-l}T\Lambda I’$ $\Lambda f$ Levi-Civita $M’$
Levi-Civita $u$ 61 , du du
du $(X, \mathrm{Y})=\nabla_{X}^{u^{-1}T\mathrm{A}I’}$du(Y)–du $(\nabla_{X}^{T\Lambda I}\mathrm{Y})$
. $u$ , du Riemann $u(M)\subset M’$ 2
. , Riemann ,
$u$ $u$ $\tau(u)\in\Gamma(u^{-1}T\Lambda f)$ , $\{E_{i}\}$ $\Lambda f$
$\tau(u)=\mathrm{R}\mathrm{a}\mathrm{c}\mathrm{e}_{g}\nabla du=\sum_{i=1}^{m}\nabla du(E_{i}, E_{i})$
. $\tau(u)$ , $u$ $M$
$\underline{\overline{\mathrm{b}}M’\text{ }\mathrm{f}\mathrm{f}\mathrm{l}\overline{-}\mathrm{f}\mathrm{f}\mathrm{l}\Xi \mathrm{f}\mathrm{f}\mathrm{l}}$(h r onic p)& .
*Partly supported by the Grant-in-Aid for Scientific Research (A), No. 10304004, and the Grant-in-Aid for
Exploratory Research, No. 12874008, of the Japan Society for the Promotion of Science.
1270 2002 153-169
153
$M$ $(x^{i})$ $\Lambda I’$ $(x^{\prime\alpha})$ , $\Lambda f$ $M’$ Riemann $g$
$g’$
$g=. \cdot,\sum_{j=1}^{m}g_{1j}.dx^{:}\ ^{j}$ , $g’= \sum_{\alpha,\beta=1}^{m’}g_{\alpha\beta}’dx^{\prime\alpha}dx^{\prime\beta}$
, $u$
$u(x)=(u^{1}(x^{1}, \cdots,x^{m}),$ $\cdots,u^{m’}(x^{1}, \cdots,x^{m}))=(u^{\alpha}(x^{:}))$
.
$e(u)=|du|^{2}= \sum_{\dot{l},\mathrm{j}=1}^{m}\sum_{\alpha,\beta=1}^{m’}g^{\dot{l}j}g_{\alpha\beta}’(u)\frac{\partial u^{\alpha}}{\partial x^{\dot{l}}}\frac{\partial u^{\beta}}{\partial x^{j}}$
$C^{1}$ $e(u)$ : $Marrow R$ $u$ , $M$
$\Omega\subset\subset\Lambda f$ , $\Omega$ $e(u)$
$E_{\Omega}(u)= \frac{1}{2}\int_{\Omega}e(u)d\mu_{g}$
$u$
$\Omega$ . $\mu_{g}$ Riemann $g$ $M$
.
$\Lambda f$ $M’$ $C^{2}$ $C^{2}(M, M’)$ , $E_{\Omega}(u)$
$C^{2}(M, M’)$ . ,
$E_{\Omega}$ : $C^{2}(\Lambda f, \mathrm{A}f’)arrow R$ .
$\tau(u)=0$ , Euler-Lagrange
$\Delta u^{\alpha}+\sum_{i,j=1}^{m}\acute{\sum_{\beta,\gamma=1}^{m}}g^{ij}\Gamma_{\beta\gamma}^{\alpha}(u)\frac{\partial u^{\beta}}{\partial x^{i}}\frac{\partial u^{\gamma}}{\partial x^{j}}=0$ , $\alpha=1,$ $\cdots,m’$ (1)
. , $\Delta$ $M$ Laplace-Beltrami , $\Gamma_{\beta\gamma}^{\alpha}$ $M’$ Christoffel
. (1) $M$ 2 . ,
$C^{2}$ $C^{\infty}$ .
, . $M’=R$ ,
$u:Marrow R$ Dirichlet , (1) Laplace $\Delta u^{\alpha}=0$ ,
$u$ . $M=R$ , $u$ : $Rarrow M’$
, (1)
$\frac{d^{2}u^{\alpha}}{dt^{2}}+\acute{\sum_{\beta,\gamma=1}^{m}}\Gamma_{\beta\gamma}^{\alpha}(u)\frac{du^{\beta}}{dt}\frac{du^{\gamma}}{dt}=0$
, $M’$ . $M$ $M’$ Kihler , $M$
$\Lambda f’$ ( ) .
2
$m(\geq 2)$ Riemann $(M, g)$ Hadamard ,
. , $M$
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$m$ Euclid $R^{m}$ . , Euclid
( ) , Hadamard
, $M(\infty)$
([1]). $M(\infty)$ Hadamard $M$ ( ) . $M$
$M(\infty)$ $\overline{M}=M\cup M(\infty)$ , $M$
, $\Lambda f(\infty)$ $m-1$ $S^{m-1}$ , $\overline{\Lambda f}$ $m$ $\overline{B^{m}}$
. $\overline{M}$ $M$ , Eberlein-O’Neill
.
1 , $M$ $M’$ .
, $m=m’=2$ , $M$ $M’$ Poincare’
$RH^{2}=(\{z\in C||z|<1\},$ $g_{P}= \frac{4|dz|^{2}}{(1-|z|^{2})^{2}})$
, $RH^{2}$ 2
$S^{1}$ , $M(\infty)$ $M’(\infty)$
$S^{1}$ .
, $|z|arrow 1$ Poincare’ $gp$ ,
. , Laplace-Beltra
. , Poincare’
$H_{+}=(\{z=x+\sqrt{-1}y\in C|y>0\},$ $g_{H}= \frac{dx^{2}+dy^{2}}{y^{2}})$
, . , Cayley $\Phi$ : $H_{+}arrow RH^{2}$
$\Phi(z)=\sqrt{-1}\frac{z-\sqrt{-1}}{z+\sqrt{-1}}$ , $z\in H_{+}$
, $\{z\in C|y=0\}$ $S^{1}$ 1
. , Cayley $\Phi$ Poincare’ $S^{1}$
. , Poincare’ $M=RH^{2}$





$M=(M, g)$ $M’=(M’,g’)$ Hadamard ,
$\overline{M}=M\cup M(\infty)$ $\overline{M’}=\Lambda.f’\cup M’(\infty)$ . $u:Marrow M’$ $M$ $\Lambda f’$
. $u$ , $\{p_{j}\}$ $M(\infty)$ $M$
, $\{u(p_{j})\}$ $M’$ $\Lambda f’(\infty)$
. , $u$ $u:\overline{M}arrow\overline{M’}$ ,
$u$ $M$ $M(\infty)$ $M’$ $M’(\infty)$ . , $u$
$f=u|M(\infty)$ : $M(\infty)arrow M’(\infty)$
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. , $u$ $M(\infty)$ , $u$
$f$ .
, Li Tam [4] $M$ $M’$
. , $M=RH^{m}$ $M’=RH^{m’}$
$S^{m-1}$ $S^{m’-1}$ , $C^{1}$
.
1([4]) $u:M=RH^{m}arrow M’=RH^{m’}$ , $u$
$C^{1}$ $u:\overline{M}=RH^{m}\cup S^{m-1}arrow\overline{M’}=RH^{m’}\cup S^{m’-1}$ .
, $(\rho,\eta)=(\rho, \eta^{1}, \ldots,\eta^{m-1})$ $(r,\theta)=(t \theta^{1}, \ldots, \theta^{m’-1})$
$B^{m}$ $B^{m’}$ , $u$ $u(\rho,\eta)=(r(\rho,\eta),\theta(\rho,\eta))$ . ,
$u$
$C^{1}$ $f$ : $S^{m-1}arrow S^{m’-1}$ , $S^{m-1}$ $S^{m’-1}$ $f$
$e(f)$ , $u$ $S^{m-1}$
$\frac{\partial r}{\partial\rho}=\sqrt{\frac{e(f)}{m-1}}$, $\frac{\partial\theta^{\alpha}}{\partial\rho}=0$, $1\leq\alpha\leq m’-1$ (3)
.
1 (3) , $u(\rho,\eta)=(r(\rho, \eta),$ $\theta(\rho, \eta))$ $S^{m-1}$ , $\rhoarrow 0$
$r(\rho,\eta)=1-(1-\rho)\sqrt{e(f)(\eta)/(m-1)}+o(1-\rho)$ ,
$\theta^{\alpha}(\rho,\eta)=f^{\alpha}(\eta)+o(1-\rho)$ , $1\leq\alpha\leq m’-1$
Tayler . , Li Tam $C^{1}$
. , $u$ $v$ $RH^{m}$ $RH^{m’}$
, $C^{1}$ . ,
$u$ $v$ $f$ , $e(f)$ , $u$ $v$
. , $C^{1}$ ,
, . , Li Tam [4] 2 $RH^{2}$




Hadamard , $\Lambda f$ , $M$ $I(M,g)$ $M$
.
, $M$ Lie , Riemann $g$ $M$
. , Hadamard . ,
$I(M,g)$ $I_{0}(M,g)$ , $M$ $G$
([3]), $M$ $G$ .
, $M$ Riemann , $I_{0}(M,g)$
$N\cdot A\cdot K$ ( $A$ , $N$ ) ,
$K$ $x\in M$ $I_{0}(M,g)$ , $G=N\cdot A$
.
156
$(M, g)$ , $\mathrm{e}$ $G$ Lie $N=[G, G]$
( $G$ ) $R$ $N\mathrm{x}R$ . , $G$ $\mathrm{e}$ \sim
$\mathfrak{n}=[\mathfrak{g}, \mathfrak{g}]$ , $\mathfrak{g}$ $\mathfrak{n}$ ,
$\mathfrak{n}$ \sim 1 . $\mathfrak{g}$
$\mathfrak{g}=\mathfrak{n}+R$ . , $R$ $R\ni s\mapsto y=e^{s}\in R_{+}$
$R_{+}=\{y\in R|y>0\}$ ,
$\Phi$ : $N\cross R_{+}\ni(n, y)\mapsto n\cdot\log y\in G=N\mathrm{x}R$ (4)
, $G$ $M$ Lie $N$ $R_{+}$ $N\cross R_{+}$
( ) .
, $(M, g)$ 2 $RH^{2}$ , $N$ $R$ , N $\cross$ R
$H_{+}$ , (4) $\Phi$ $G$ $RH^{2}$
Cayley $\Phi$ : $H_{+}arrow RH^{2}$ . , $\Phi$ $RH^{2}$
Cayley .
$(M, g)$ 1 Riemann ,
Lie $N$ . , .
2([3]) $(M, g)$ Riemann . , $R$
, R $=0$ , $N$ 2-step Lie
. $N$ Lie $\mathfrak{n}$
$[\mathfrak{n}, [\mathfrak{n}, \mathfrak{n}]]=\{0\}$
. $\mathfrak{n}$ Lie Lie .
, $\mathfrak{n}$ $\mathfrak{n}_{2}=[\mathfrak{n}, \mathfrak{n}]$ , $\mathfrak{n}_{2}$ $\mathfrak{n}$ $\mathfrak{n}_{1}$
, $\mathfrak{n}=\mathfrak{n}_{1}+\mathfrak{n}_{2}$ Lie . , $\mathfrak{n}_{i}=\{0\}(i\geq 3)$
$[\mathfrak{n}_{i}, \mathfrak{n}_{j}]\subset \mathfrak{n}_{i+j}$ , $i,j=1,2$
.
, $R_{+}$ Lie $R$ $H$ , $\mathfrak{n}_{i}$ $H$ $\mathrm{a}\mathrm{d}(H)$ : $\mathfrak{n}arrow \mathfrak{n}$
$\lambda$ $2\lambda(0\neq\lambda\in R)$ . $\mathfrak{n}_{i}$
$\mathfrak{n}_{i}=\{X\in \mathfrak{n}|\mathrm{a}\mathrm{d}(H)X=i\lambda X\}$ , $i=1,2$
.
2 , $\mathfrak{n}$ $\mathfrak{n}_{2}$ 0, 1, 3, 7 ,
$RH^{m}$ , $CH^{m}$ , $HH^{m}$ , Cayley $\mathrm{C}\mathrm{a}H^{2}$
.
3 $CH^{m}$ , $m$ Euclid $C^{m}$ $B^{2m}$ Bergman
K\"ahler $g_{B}$ .
$CH^{m}=(\{z\in C^{m}||z|<1\},$ $g_{B}= \sum_{i,j=1}^{m}4\frac{\partial^{2}(-1\mathrm{o}\mathrm{g}(1-|z|^{2}))}{\partial z^{i}\partial\overline{z}^{j}}dz^{i}d\overline{z}^{j})$
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, $m=1$ , $CH^{1}$ $RH^{2}$ Poincare’ .
, $CH^{m}$ $M(\infty)$ $B^{2m}$
$2m-1$ $S^{2m-1}$ . , $SU(1, m)$
$CH^{m}$ , $B^{2m}$ $K$
$SU(1, m)$ . , $SU(1, m)$
$SU(1, m)=N\cdot A\cdot K(N$ Heisenberg 2-step , $A$ 1 ,
$K$ $U(m)$ ) , $G=N$ )$\mathrm{c}A$ $CH^{m}$
([5]).
$N$ Lie $\mathfrak{n}$ , 2 Lie $\mathfrak{n}=\mathfrak{n}_{1}+\mathfrak{n}_{2}$ ,
$\mathfrak{n}_{1}$ $\mathfrak{n}_{2}$ $N$ $T_{e}N$ , $N$
, $N$ ( ) . , Cayley
$\Phi$ : $N\cross R_{+}arrow CH^{m}$ , $CH^{m}$ $S^{2m-1}$ $N$ 1
, , $\mathfrak{n}_{1}$ $\mathfrak{n}_{2}$ , $m-1$
$CP^{m-1}$ Hopf $S^{2m-1}arrow CP^{m-1}$ .




(1) $G$ Lie $N$ $R$ $N\sim R$ .
(.2) $N$ $G$ Lie $\mathfrak{n}$ $\mathfrak{g}=\mathfrak{n}+R\{H\}$ ,
$\mathfrak{n}=\sum_{i=1}^{k}\mathfrak{n}:$ , $\mathfrak{n}_{i}=\{X\in \mathfrak{n}|\mathrm{a}\mathrm{d}(H)X=i\lambda X\}$ , $i=1,$ $\ldots,$ $k$ (5)
. $\lambda\in R$ .
1 (2) $\mathrm{a}\mathrm{d}(H)$ Lie $\mathfrak{n}$ , $\mathfrak{n}=\sum_{\dot{l}=1}^{k}\mathfrak{n}_{\dot{l}}$
Lie . , $\mathfrak{n}:=\{0\}(i>k)$
$[\mathfrak{n}_{i}, \mathfrak{n}_{j}]\subset \mathfrak{n}:+j$ , $1\leq i,j\leq k$ (6)
. $\mathfrak{n}$ Lie Lie $N$ , $k$-step Carnot
.
2 , $RH^{m}$ 1-step Carnot , $CH^{m}$ ,
$HH^{m}$ , Cayley $\mathrm{C}\mathrm{a}H^{2}$ 2-step Carnot . 3-step
Carnot , Riemann .
$G$ $k$-step Carnot . 1 , $G$ Riemann
, (2) Lie Heintze [3]
, $G$ Riemann . ,
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$\mathrm{a}\mathrm{d}(H)$ ( ) , $G$
Riemann $g$ .
, $G$ $g$ 1 $M=(G, g)$ ,
$k$-step Carnot .
1 , $k$-step Carnot $M=(G, g)$ , 1 (2) $H$
1, $g(H, H)=1$ , $\mathrm{a}\mathrm{d}(H)$ ,
$\lambda>0$ .
$k$-step Carnot $M=(G, g)$ Hadamard , $M(\infty)$
$\overline{M}$ . , $M$
Lie $N$ $R_{+}$ $N\cross R_{+}$ ,
$\Phi$ : $N\cross R_{+}\ni(n, y)\mapsto n\cdot\exp sH\in G=N\aleph R$ (7)
Cayley , 2 $RH^{2}$ Cayley $H_{+}arrow RH^{2}$
, . $s=\log y$ , $H$ 1
.
1 (2) , , $M$ Riemann $g$
.
1([5]) $M=(G, g)$ $k$-step Carnot , $\Phi$ : $N\cross R_{+}arrow G$ Cayley
.
$\Phi^{*}g=\frac{1}{y^{2\lambda}}g_{\mathfrak{n}_{1}}+\frac{1}{y^{4\lambda}}g_{\mathfrak{n}_{2}}+\cdots+\frac{1}{y^{2\lambda k}}g_{\mathfrak{n}_{k}}+\frac{dy^{2}}{y^{2}}$ (8)
. $y$ $R_{+}$ , $\lambda$ 1 (2) , $g_{\mathfrak{n}_{1}}+$
$g_{\mathfrak{n}_{2}}+\cdots+g_{\mathfrak{n}_{k}}$ # $N$ Riemann $\Phi‘.g|N\cross\{1\}$ .
1 (8) , $\mathrm{a}\mathrm{d}(H)$ $i\lambda$ $k$-step Carnot Riemann $g$
, $g$ .
4 $RH^{m}$ , $N$ $k=1$ , 1 (2)
$H$ , $\lambda=1$ . , $RH^{m}$ $R^{m-1}\cross R_{+}\cong N\cross R_{+}$
$(x^{1}, \ldots, x^{m-1}, y)$ , Poince’ $gp$
$\Phi^{*}g_{P}=\frac{1}{y^{2}}[(dx^{1})^{2}+\cdots+(dx^{m-1})^{2}]+\frac{dy^{2}}{y^{2}}$
.
5 $CH^{m}$ , 3 $N$ Heisenberg $k=2$
, 1 (2) $H$ , $\lambda=1/2$ . ,
Heisenberg $N\cong C^{m-1}\cross R$ $(z^{1}, \ldots, z^{m-1}, t)$ , Bergman $\mathit{9}B$
$\Phi^{*}g_{B}=\frac{1}{y}\sum_{i=1}^{m-1}|dz^{i}|^{2}+\frac{1}{y^{2}}|dt+\sum_{i=1}^{m-1}\sqrt{-1}(z^{i}d\overline{z}^{i}-\overline{z}^{i}dz^{i})/2|^{2}+\frac{dy^{2}}{y^{2}}$
. $dz^{i}$ $dt+ \sum_{i=1}^{m-1}\sqrt{-1}(z^{i}d\overline{z}^{i}-\overline{z}^{i}dz^{i})/2$ $N$ 1
([5]).
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(8) , $k$-step Carnot $M=(G,g)$ $N\cross R_{+}$ , R
$\{(n, y)|n=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\}$ ,
$\infty\in M(\infty)$ , $M(\infty)\backslash \{\infty\}$ $N\cross\{0\}$
. , $M$ $M(\infty)$ 1 Lie
.
5
\S 3 \S 4 Cayley (4) (7) ,
$N\cross R_{+}$ $R$ $R_{+}$ ,
$k$-step Carnot $M=(G,g)$
. , (4) $R$ $R_{+}$ R\ni s\mapsto y=e\mbox{\boldmath $\alpha$}\epsilon \in R
, 1 $\Phi^{*}g$
$\Phi^{*}g=\frac{1}{y^{2\lambda/\alpha}}g_{\mathfrak{n}_{1}}+\frac{1}{y^{4\lambda/\alpha}}g_{\mathfrak{n}_{2}}+\cdots+\frac{1}{y^{2\lambda k/\alpha}}g_{\mathfrak{n}_{k}}+\frac{1}{\alpha^{2}}\frac{dy^{2}}{y^{2}}$ (9)
, Riemann $g$ $M$ $M(\infty)$ (8)
.
, Cayley $\Phi$ : $N\cross R_{+}arrow G$ $M(\infty)$
, $R$ $R_{+}$ , $N\cross R\text{ }$
$M(\infty)$ . , $y=e^{s}$ $y=e^{\alpha s}$
, $\alpha\neq 1$ $y=0$ .
2 $\alpha\in R$ , (5) $\lambda$ $\lambda/\alpha$ , 1
$N\cross R_{+}$ , Riemann $g$ $M(\infty)$
(9) .
, 1 (2) $\mathrm{a}\mathrm{d}(H)$ , Carnot $M=(G,g)$
$M(\infty)$ . , Carnot
.
, .
$M=(M, g)$ 3 $CH^{m}$ , $M’=(M’,g’)$ 1
$RH^{m’}$ . $G$ $G’$ Lie $\mathfrak{g}$ $\mathfrak{g}’$ , Lie
$\mathfrak{g}=\mathfrak{n}_{1}+\mathfrak{n}_{2}+R\{H\}$ , $\mathfrak{g}’=\mathfrak{n}_{1}’+R\{H’\}$
, $M$ $M’$ $N\cross R_{+}$ $N’\cross R_{+}$ Riemann $g$ $g’$
$\Phi^{*}g=\frac{1}{y^{2\lambda}}g_{\mathfrak{n}_{1}}+\frac{1}{y^{4\lambda}}g_{\mathfrak{n}_{2}}+\frac{dy^{2}}{y^{2}}$ , $\Phi^{\prime \mathrm{s}}g’=\frac{1}{\nu^{2\mu}}\sum_{\alpha=1}^{m’-1}(dx^{\prime\alpha})^{2}+\frac{d\oint 2}{y^{2}}$,
.
, $H$ $H’$ 4 5 , $\mathrm{a}\mathrm{d}(H)$ $\mathrm{a}\mathrm{d}(H’)$
$\lambda=1/2$ $\mu=1$ . , $M$ $M’$
.
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2([9]) $\lambda=1/2$ $\mu=1$ $m,$ $m’\geq 2$ . , $M=CH^{m}$
$M’=RH^{m’}$ $u$ : $Marrow M’$ $C^{1}$
.
, $\lambda=\mu=1$ , Cayley $\Phi$ $\Phi’$
, $\Phi$ $M$ $M(\infty)$ , .
3([2]) $\lambda=\mu=1$ , $f$ $M(\infty)=S^{2m-1}$ $M’(\infty)=S^{m’-1}$ $C^{1}$
. , $f$ $e(f)$ , $M=CH^{m}$ $M’=RH^{m’}$
$u:Marrow M’$ , $f$ .
6
$M=(G, g)$ $M’=(G’, g’)$ $k$-step Carnot $l$-step Carnot , $M$
$M’$ $m,$ $m’\geq 2$ . , $G$ $G’$ $k$-step Carnot $N$ l-step
Carnot $N’$ 1 , $G=N\nu R$ $G’=N’\aleph R$ , $G$
$G’$ Lie
$\mathfrak{n}=\sum_{i=1}^{k}\mathfrak{n}_{i}$ , $\mathfrak{n}_{i}=\{X\in \mathfrak{n}|\mathrm{a}\mathrm{d}H(X)=i\lambda X\}$ , $i=1,$ $\ldots,$ $k$ ,
(10)
$\mathfrak{n}’=\sum_{j=1}^{l}\mathfrak{n}_{j}’$ , $\mathfrak{n}_{j}’=\{X\in \mathfrak{n}’|\mathrm{a}\mathrm{d}H’(X)=j\mu X\}$, $j=1,$ $\ldots,$ $l$
. $H$ $H’$ 1 , Cayley $\Phi$ : $N\cross R_{+}arrow G$
$\Phi’$ : $N’\cross R_{+}arrow G’$ , Riemann $g$ $g’$ $N\cross R_{+}$ $N’\cross R_{+}$
$\Phi^{*}g=\frac{1}{y^{2\lambda}}g_{\mathfrak{n}_{1}}+\frac{1}{y^{4\lambda}}g_{\mathfrak{n}_{2}}+\cdots+\frac{1}{y^{2\lambda k}}g_{\mathfrak{n}_{k}}+\frac{dy^{2}}{y^{2}}$ ,
(11)
$\Phi^{\prime*}g’=\frac{1}{y^{\prime 2\mu}}g_{\mathfrak{n}_{1}}’’+\frac{1}{y^{\prime 4\mu}}g_{\mathfrak{n}_{2}}’’+\cdots+\frac{1}{y^{\prime 2\mu l}}g_{\mathfrak{n}_{k}}’’+\frac{dy^{\prime 2}}{y2}$,
. $y$ $y’$ $R_{+}$ .
$N\cross R_{+}$ $N’\cross R_{+}$ , $R_{+}$
$\infty$
$\infty’$ , $M$ $M’$ $M(\infty)\backslash \{\infty\}$ $M’(\infty)\backslash \{\infty’\}$ ,
$N\cross\{0\}$ $N’\cross\{0\}$ . , 3
, Lie $\mathfrak{n}=\sum_{i=1}^{k}\mathfrak{n}_{i}$ $\mathfrak{n}’=\sum_{j=1}^{l}\mathfrak{n}_{j}’$ , $\mathfrak{n}_{i}$ $\mathfrak{n}_{j}$’
Carnot $N$ $N’$ . ,
. $(\mathfrak{n}_{i})_{\mathrm{p}}$ $\mathfrak{n}$ $\mathfrak{n}_{i}$ $N$ $p\in N$
, $(\mathfrak{n}_{j}’)_{q}$ $\mathfrak{n}’$ $\mathfrak{n}_{j}’$ $N’$ $q\in N’$
. $M(\infty)\backslash \{\infty\}$ $M’(\infty)\backslash \{\infty’\}$
.
, $u$ : $Marrow M’$ $M$ $M’$ $C^{\infty}$ . $u$ $M$ $M’$
$\overline{M}$
–
$M’$ , $u$ $u$
$f=u|M(\infty)$ : $M(\infty)arrow M’(\infty)$
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. , $u$ , $f$ .
, $\Lambda f$ $M’$ $N\cross R_{+}$ $N’\cross R_{+}$ ,
$\{e_{i}\}$ $\{e_{\alpha}’\}$ . , $e_{0}=\partial/\partial y$ $e_{0}’=\partial/\partial y’$ ,
$1\leq A\leq k$ $1\leq P\leq l$ , $n_{A}=\dim \mathfrak{n}_{A}$ $n_{P}’=\dim \mathfrak{n}_{P}’$ . [ $\mathfrak{n}_{A}$
, $g_{\mathfrak{n}_{A}}$ $\{e_{A}\}:’ 1\leq i\leq n_{A}$ , $N$
. , (6) $[\mathfrak{n}_{A},\mathfrak{n}_{B}]\subset \mathfrak{n}_{A+B}$ , $N$
$[e_{A},e_{B_{\mathrm{j}}}]:= \sum_{r=1}^{n_{A+B}}a_{A\dot{.}B_{j}}^{(A+B)_{r}}e_{(A+B)_{r}}$ , $1\leq A,$ $B\leq k$
, . , $\mathfrak{n}_{P}’$
, $g_{\mathfrak{n}_{P}}’$, $\{e_{P_{\alpha}}’\},$ $1\leq\alpha\leq n_{P}’$ , $N’$
, $N’$
$[e_{P_{a}}’,e_{Q\rho}’]= \sum_{\gamma=1}^{n_{\acute{P}+Q}}b_{P_{\alpha}Q}^{(P+Q)_{\gamma}},,e_{(P+Q)_{\gamma}}’$ , $1\leq P,$ $Q\leq l$
, .
$\{e_{i}\}$ $\{e_{\alpha}’\}$ , $u$ du
$\tau(u)$
$du= \sum_{i=0}^{m-1}\sum_{\alpha=0}^{m’-1}u_{\dot{l}}^{\alpha_{C:}*}\otimes e_{\alpha}’$ , $\tau(u)=\sum_{\alpha=0}^{m’-1}\tau(u)^{\alpha}e_{\alpha}’$
. $\{e_{i}^{*}\}$ $\{e:\}$ .
, $N\cross R_{+}$ $N’\cross R_{+}$ Riemann $g$ $g’$ (11)
, Carnot
, $\tau(u)$ .
2 $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Camot $M’$ $C^{2}$ ,
$N\cross R_{+}$ $N’\cross R_{+}$ . , ,
$u$ $\tau(u)$ .
$\tau(u)^{0}=\sum_{i=0}^{m-1}g^{ii}(e_{i}\cdot u_{i}^{0})+(1-\lambda\sum_{A=1}^{k}A\cdot n_{A})yu_{0}^{0}-(y’\circ u)^{-1}\sum_{\dot{l}=0}^{m-1}g^{::}(u_{\dot{l}}^{0})^{2}$
$+ \sum_{i=0}^{m-1}g^{ii}\sum_{=P1}^{l}\mu P(y’\circ u)^{-2\mu P+1}\sum_{\beta=1}^{n_{P}’}(u_{i}^{P\rho})^{2}$ ,
(12)
$\tau(u)^{P_{\alpha}}=\sum_{i=0}^{m-1}g^{\dot{\iota}i}(e:\cdot u_{i}^{P_{\alpha}})+(1-\lambda\sum_{A=1}^{k}A\cdot n_{A})yu_{0}^{P_{\alpha}}-2\mu P(y’\circ u)^{-1}\sum_{\dot{l}=0}^{m-1}g^{::}u_{\dot{l}}^{P_{\alpha}}u_{\dot{l}}^{0}$
$+ \sum_{i=0}^{m-1}g^{ii}\sum_{=Q1}^{l-P}(y’\circ u)^{-2\mu Q}\sum_{=\beta 1}^{n_{Q}’}\sum_{\gamma=1}^{n_{P+Q}’}b_{P_{\alpha}Q\rho}^{(P+Q)_{\gamma}}u_{i}^{Q\rho}u_{i}^{(P+Q)_{\gamma}}$
$1\leq P\leq l$ $1\leq\alpha\leq n_{P}’$ .
, $g^{\dot{l}j}|\mathrm{h}$ Riemann $g$ , $g_{\dot{l}j}=g(e:, e_{j})$ $(g_{\dot{l}j})$








$u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$ $C^{\infty}$ ,
$u$ $N\cross R_{+}$ $N’$ $\cross$ R , $N\cross\{0\}$ $N’\cross\{0\}$ $C^{1}$
.
$u\in C^{\infty}(N\cross R_{+}, N’\cross R_{+})\cap C^{1}(N\cross[0, \infty),$ $N’\cross[0, \infty))$
, $u$ $\tau(u)$ .
, (12) [ $\tau(u)$ $\tau^{0}(u)$ ( , $1\leq B\leq l$ $(y’\circ u)^{2l-1}y^{-2B}$
$yarrow \mathrm{O}$ , $\cdot$ .
1 $u$ : $Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$ $C^{\infty}$
, $u\in C^{\infty}(N\cross R_{+}, N’\cross R_{+})\cap C^{1}(N\cross[0, \infty),$ $N’\cross[0, \infty))$ .
$1\leq B\leq l$ , $\tau(u)$ $\tau^{0}(u)$ .
(1) $yarrow \mathrm{O}$ , $\tau(u)^{0}\cross(y’\mathrm{o}u)^{2l-1}y^{-2B}$ 3 { $B<l$ 0[ , $B=l$
$-( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2l}$
.




$u$ , $\tau(u)^{0}=0$ , 1 $B=1$ ,
$C^{1}$ .
2 1 , $u$ , $N\cross\{0\}$ .
(1) $l=1$
$( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2}=\sum_{i=0}^{n_{1}}\sum_{\beta=1}^{n_{1}’}(u_{i}^{1_{/d}})^{2}$.
(2) $l>1$ , $1\leq i\leq n_{1}$ $1\leq\beta\leq n_{l}’$
$u_{0}^{l_{l\mathit{3}}}=0$ , $u_{1_{i}}^{l,}’=0$ .
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, $u$ $CH^{m}$ , $k\ovalbox{\tt\small REJECT} l\ovalbox{\tt\small REJECT} 2$ nE 1
, 2 (2) , 1 $\ovalbox{\tt\small REJECT} i\ovalbox{\tt\small REJECT} n$’ $uJ\ovalbox{\tt\small REJECT} 0$ .
$\ovalbox{\tt\small REJECT}$ )
, $CH^{m}$ $N\mathrm{x}R_{+}$ , $u$ $C^{1}$ $f$ $N\cross\{0\}$
$df_{p}((\mathfrak{n}_{1})_{p})\subset(\mathfrak{n}_{1}’)_{[(p)}$, $p\in N\cross\{0\}$
. , $u:CH^{m}arrow CH^{m}$ $f$ : $S^{2m-1}arrow$
$S^{2m-1}$ $S^{2m-1}$ .
, 2 (2) .
1 $u:Marrow M’$ $k$-step $\dot{\mathrm{C}}$arnot $M$ $l$-step Carnot $M’$






$u$ , , 1
.
2 $l\geq 2$ $1\leq r\leq l-1$ . $u:Marrow M’$ $k$-step Carnot $M$
$\mathrm{a}$ l-step Carnot
$M’$ , $u$ $N\cross R_{+}$ $N’\cross R_{+}$ ,
$N\cross\{0\}$ $N’\cross\{0\}$ $C^{r}$ . , $N\cross\{0\}$
.
(1) $l-r+1\leq P\leq l$
$e_{0}\cdot u_{0}^{{}_{S}P\rho}=0$ , $0\leq s\leq P-l+r-1$ .
(2) $l-r+1\leq P\leq l$ $1 \leq A\leq\min\{P-l+r, k\}$
$e_{0}\cdot u_{A}^{{}_{S}P\rho}\dot{.}=0$ , $0\leq s\leq P+r-A-l$ .
, $u$ du $u_{0}^{0}$ , 1
.
3 $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$
, $u$ $N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$ $N’\cross\{0\}$
$C^{l}$ . , $N\cross\{0\}$ .
$( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2l}-\sum_{P=1}^{l}P\sum_{\beta=1}^{n_{P}’}\{(l-1)!\}^{-2}(e_{0}^{l-1}\cdot((y’\circ u)^{l-P}u_{0}^{P,}’))^{2}$
- $\sum_{P=1}^{l}\sum_{A=1}^{\min\{P,k\}}P\sum_{\dot{\iota}=1}^{n_{A}}\sum_{\beta=1}^{n_{\acute{P}}}\{(l-A)!\}^{-2}(e_{0}^{l-A}\cdot((y’\circ u)^{l-P}u_{A}^{P\rho}.\cdot))^{2}=0$ .
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$k\geq l$ $\min\{P, k\}=P$ , 3 , $N\cross\{0\}$
$\sum_{i=1}^{n_{l}}\sum_{\beta=1}^{n_{\acute{l}}}(u_{l_{\tau}}^{l_{\beta}})^{2}\neq 0$ (13)
, $u$ $f$ $p\in N\cross\{0\}$
$df_{p}(( \mathfrak{n}_{l})_{p})\not\subset\sum_{j\neq l}(\mathfrak{n}_{j}’)_{f(p)}$
(14)
, $N\cross\{0\}$ $u_{0}^{0}\neq 0$ .
$r=l-1$ 2 , .
3 $k\geq l\geq 2$ . $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$
, $N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$
$N’\cross\{0\}$ $C^{l}$ , $N\cross\{0\}$ (13) (14)
. , $N\cross\{0\}$ .
(1) $2\leq P\leq l$
$e_{0}\cdot u_{0}^{{}_{S}P_{/\mathit{3}}}=0$ , $0\leq s\leq P-2,1\leq\beta\leq n_{P}’$ .
(2) $2\leq P\leq l$ $1 \leq A\leq\min\{P-1, k\}$
$e_{0}\cdot u_{A_{i}}^{{}_{\mathit{8}}P_{l}}’=0$ , $0\leq s\leq P-A-1$ , $1\leq\beta\leq n_{P}’$ .
, $u$ $\tau(u)$ $\tau(u)^{P_{\circ}}$ . ,
$u$ $N\cross\{0\}$ $N’\cross\{0\}$ $C^{l}$ , $N\cross\{0\}$
$k\geq l$ $\sum_{i=1}^{nl}\sum_{\beta=1}^{n_{\acute{l}}}(u_{l_{j}}^{l_{\beta}})^{2}\neq 0$,
(15)
$k<l$ $u_{0}^{0}\neq 0$
. , $N\cross\{0\}$ $u_{0}^{0}\neq 0$ .
( , (12) ( $\tau(u)$ $\tau(u)^{P_{C1}}$ ( , $(y’\mathrm{o}u)^{2l-P-1}y^{-2l+1}$
$yarrow \mathrm{O}$ , 2 3 , .
4 $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$
, $N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$ $N’\cross\{0\}$
$C^{l}$ , $N\cross\{0\}$ (15) . , $u$
$\tau(u)$ $\tau(u)^{P_{\mathrm{c}\tau}}$ , $yarrow \mathrm{O}$ .




(2) $1\leq P\leq l-1$ [ , $\tau(u)^{P_{\alpha}}\cross(y’\circ u)^{2l-P-1}y^{-2l+1}$ 4
$\sum_{Q=1}^{l-P}c_{1}(P, Q, 1)(u_{0}^{0})^{2l-P-2Q-1}\sum_{\beta=1}^{n_{\acute{\mathrm{Q}}}}\sum_{\gamma=1}^{n_{\acute{P}+\mathrm{Q}}}b_{P_{\alpha}Q_{\beta}}^{(P+Q)_{\gamma}}(e_{0}^{Q-1}\cdot u_{0}^{Q_{\beta}})(e_{0}^{P+Q-1}\cdot u_{0}^{(P+Q)_{\gamma}})$
$+ \sum_{Q=1}^{l-P}\sum_{A=1}^{\min\{Q,k\}}c_{1}(P, Q, A)(u_{0}^{0})^{2l-P-2Q-1}\dot{.}\sum_{=1}^{n_{A}}\sum_{\beta=1}^{n_{Q}’}\sum_{\gamma=1}^{n_{P+Q}’}b_{P_{\alpha}Q_{\beta}}^{(P+Q)_{\gamma}}(e_{0}^{Q-A}\cdot u_{A}^{Q,}\dot{.}’)(e_{0}^{P+Q-A}\cdot u_{A}^{(P+Q)_{\gamma}}.\cdot)$
. $c_{1}(P, Q, A)=\{(Q-A)!(P+Q-A)!\}^{-1}$ .
$u$ , $\tau(u)^{P_{a}}=0$ , 4 $C^{2}$
$ddu=0$ 2 ,
([7, 8]).
4 $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$
, $N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$ $N’\cross\{0\}$ $C^{l}$
, $N\cross\{0\}$ (15) . , $N\cross\{0\}$
.
(1) $1\leq P\leq l$
$e_{0}^{r}\cdot u_{0}^{P_{\alpha}}=0$ , $0\leq r\leq P-1,1\leq\alpha\leq n_{P}’$ .
(2) $2\leq P\leq l$ $1 \leq A\leq\min\{P-1, k\}$
$e_{0}^{r}\cdot u_{A}^{P}’\dot{.}.=0$, $0\leq r\leq P-A,$ $1\leq i\leq n_{A},$ $1\leq\alpha\leq n_{P}’$ .
(3) $u_{0}^{0}$ .
$( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2l}-\sum_{P=1}^{\min\{k,l\}}P\{.\sum_{1=1}^{n_{P}}\sum_{\beta=1}^{n_{\acute{P}}}(u_{P}^{P_{\beta}}.\cdot)^{2}\}(u_{0}^{0})^{2(l-P)}=0$ .
, Carnot , .
2 $k\geq l$ . $u:Marrow M’$ $k$-step Carnot $l$-step Carnot $M’$
C ,
$u\in C^{\infty}(N\cross R_{+}, N’\cross R_{+})\cap C^{1}(N\mathrm{x}[0, \infty),$ $N’\mathrm{x}[0, \infty))$ ,




$k=l=1$ , $\mathfrak{n}_{0}’=\{0\}$ , $df_{p}((\mathfrak{n}_{1})_{p})\neq\{0\}$ ,
$p\in N\cross\{0\}$ $df_{p}\neq 0$ . $u$
, 1 $e(f)>0$ .
, 4 .
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3 $k\geq l$ . $u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$
, $N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$ $N’\cross\{0\}$
$C^{l}$ , $u$ f&i . , $N\cross\{0\}$
.
(1) $1\leq P\leq l$
$e_{0}^{r}\cdot u_{0’}^{P_{\chi}}=0$, $0\leq r\leq P-1,1\leq\alpha\leq n_{P}’$ .
(2) $2\leq P\leq l$ $1\leq A\leq P-1$
$e_{0}^{r}\cdot u_{A_{i}}^{P_{\ell}}$
. $=0$ , $0\leq r\leq P-A,$ $1\leq i\leq n_{A},$ $1\leq\alpha\leq n_{P}’$ .
(3) $u_{0}^{0}$ .
$( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2l}-\sum_{P=1}^{l}P\{\sum_{i=1}^{n_{P}}\sum_{\beta=1}^{n_{P}’}(u_{P_{j}}^{P_{\beta}})^{2}\}(u_{0}^{0})^{2(l-P)}=0$.
3 $r=0$ , $u$ : $Marrow M’$ ,
$1\leq A\leq P-1$ $A+1\leq P\leq l$ , $N\cross\{0\}$ $u_{A}^{P_{\alpha}}\dot{.}=0$
. , $u$ $f$ , $1\leq i\leq l$ $p\in N\cross\{0\}$
$df_{p}( \sum_{j=1}^{i}(\mathfrak{n}_{j})_{p})\subset\sum_{j=1}^{i}(\mathfrak{n}_{j}’)_{f(p)}$ (16)
. , $k\geq l$ $\lambda=\mu=1$ , $k$-step Carnot $M$




$\mathfrak{n}_{1}\subset \mathfrak{n}_{1}+\mathfrak{n}_{2}\subset\cdots\subset\sum_{j=1}^{l}\mathfrak{n}_{j}$, $\mathfrak{n}_{1}’\subset \mathfrak{n}_{1}’+\mathfrak{n}_{2}’\subset\cdots\subset\sum_{j=1}^{l}\mathfrak{n}_{j}’$
.
$1\leq i\leq n_{P}$ $1\leq\beta\leq n_{P}’$ , $u_{P_{j}}^{P_{\beta}}$ , $u$ $f$
$f_{P}^{P,}.\cdot$’ , 3 (3) , $f$ $N\cross\{0\}$
$( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2l}-\sum_{P=1}^{l-1}P\{\sum_{i=1\beta}^{nP}\sum_{=1}^{n_{\acute{P}}}(f_{P_{i}}^{P_{l^{g}}})^{2}\}(u_{0}^{0})^{2(l-P)}-l\sum_{=i1\beta}^{n_{l}}\sum_{=1}^{n_{\acute{l}}}(f_{l}^{l_{\beta}}\dot{.})^{2}=0$
. $f$ , (13) $\sum_{i=1}^{n\iota}\sum_{\beta=1}^{n_{\acute{l}}}(f_{l_{i}}^{l_{f\mathit{3}}})^{2}>0$ ,
$u_{0}^{0}>0$ . , $k\geq l$ $\lambda=\mu=1$ , $f$
$u$ du $e_{0}^{*}\otimes e_{0}’$ $u_{0}^{0}$ , $f$
.
, Carnot
. , $u$ $v$ 3 , $u$ $v$ $N\cross\{0\}$
$f$ , $u(p)$ $v(p)$ $M’$ $d_{\Lambda f’}(u(p), v(p))$ $parrow\infty$
$d_{M’}(u(p), v(p))arrow 0$ , $u$ $v$ $M$ .
167
\S 2 $RH^{m}$ , Carnot $u$ ,
$u$ .
, [10] $k$-step Carnot ,
1 .
, 3 (16) ‘ ’ , $u$
, $k\geq l$ $\lambda=\mu\in N$
, ([8]).
3 $k<l$ , 3 (3)
$(u_{0}^{0})^{2(l-k)}[( \sum_{A=1}^{k}An_{A})(u_{0}^{0})^{2k}-\sum_{P=1}^{k}P\{.\sum_{1=1}^{n_{P}}\sum_{\beta=1}^{n_{\acute{P}}}(f_{P}^{P\rho}.\cdot)^{2}\}(u_{0}^{0})^{2(k-P)]}=0$
. , $u_{0}^{0}=0$ , $u_{0}^{0}$
$f$ , .
8 : $\lambda\neq\mu$
, (10) $\lambda\neq\mu$ , (11 Riemann $g$ $g’$
$N\cross\{0\}$ $N’\cross\{0\}$
.
$u:Marrow M’$ $k$-step Carnot $M$ $l$-step Carnot $M’$ , $u$
$N\cross R_{+}$ $N’\cross R_{+}$ , $N\cross\{0\}$ $N’\cross\{0\}$
. , $u$ $f$
, , $k$ $l$ 1 2, $k\lambda=l\mu$
.
Case 1 $k=1,$ $l=2$ $\lambda=2\mu,$ $\mu\in N$ , \S 7
, .
5 $u:Marrow M’$ 1-step Carnot $M$ 2-step Carnot $M’$
, $u$ $N\cross R_{+}$ $N’\cross R_{+}$ , (11 $\lambda=2\mu$ $\mu\in N$




(1) $u_{0}^{0}\neq 0$ .
(2) $e_{0}^{r}\cdot u_{0}^{1_{\alpha}}=0$ , $0\leq r\leq\mu-1,1\leq\alpha\leq n_{1}’$ ,




3 , $\lambda=\mu=1$ $k<l$ , (17) $u_{0}^{0}\neq 0$
, $u_{0}^{0}\neq 0$ .
Case 2 $k=2,$ $l=1$ $\mu=2\lambda,$ $\lambda\in N$ , .
6 $u:Marrow M’$ 2-step Carnot $M$ 1-step Carnot $M’$
, $u$ $N\cross R_{+}$ $N’\cross R_{+}$ , (11) $\mu=2\lambda$ $\lambda\in N$




(1) $u_{0}^{0}\neq 0$ .
(2) $e_{0}^{r}\cdot u_{0}^{1_{\beta}}=0$, $0\leq r\leq 2\lambda-1,1\leq\beta\leq n_{1}’$ ,
$e_{0}^{r}\cdot u_{1_{i}}^{1,\mathit{3}}=0$ , $0\leq r\leq\lambda,$ $1\leq\beta\leq n_{1}’$ .
(3) $u_{0}^{0}$ .
$( \sum_{A=1}^{2}An_{A})(u_{0}^{0})^{4\lambda}=2\sum_{i=1}^{n_{2}}\sum_{\beta=1}^{n_{1}’}(u_{2_{i}}^{1_{\beta}})^{2}$ .
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